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Abstract
We study a diatomic homonuclear molecule incident upon a potential barrier. We allow 
transitions between binding energy states of the molecule during the process of tunneling 
and consider both single and double potential barriers. By applying an elegant method to 
solve this system we find incident energies for which complete transmission through the 
barrier(s) occurs. Moreover, we find that transitions between binding energy levels tend 
to decrease the probability of transmission. We show that by relaxing rigour and treating 
the length of the molecule as though it is fixed we can obtain analytical expressions for 
the transmission probability that capture important features of the exact solution. We 
also discuss how our work could be extended to three dimensions and more realistic 
experimental settings.
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Introduction
Quantum mechanical tunneling is a microscopic phenomenon where a particle can 
penetrate and pass through a potential barrier. Here it is assumed that the energy of 
the potential barrier is higher than the kinetic energy of the particle. Such motion is 
completely forbidden classically, however, a similar phenomenon is found in the study 
of optics [1]. This connection is not surprising due to the wave-like nature of matter at 
the microscopic level. Most of the research done in quantum mechanical tunneling is done 
on one-dimensional problems. Such models are usually the result of simplifying a more 
complex three-dimensional system to a one-dimensional system. The study of tunneling in 
two and three dimensions is not straightforward and there is less research activity in this 
area [2].
The tunneling of a single particle through a potential barrier has been well studied. 
In these studies it is often the case that the system possesses certain energies for which 
there is complete transmission through the potential barrier or barriers. These energies are 
referred to as transmission resonances. A simple example of a system where transmission 
resonances occur is for a single particle incident upon a pair of potential barriers. In such 
a system the reflected waves from the first potential barrier can interfere destructively with 
the reflected waves from the second potential barrier for certain energies, leaving only the
1
transmitted components. Another example possessing transmission resonances is the case 
of a single particle of positive energy E  and mass m  incident upon an attractive potential 
well of depth Vq and width a. The occurrence of transmission resonances in this case is 
referred to as the Ramsauer-Townsend effect and these energies are given by the following 
[3]:
+  0-1)
Even this simple example is applicable to the understanding of the high transmission 
probabilities found in low energy electron scattering by noble gas atoms [3]. The study 
of single particle tunneling has had an even more profound impact in the areas of particle 
physics and condensed matter physics. For example, by studying the tunneling of a single 
particle incident upon a potential barrier, phenomena such as «-decay, cold emission, and 
superconductivity have been understood. The details of these and several other studies are 
given in the next section.
We emphasize at this point that all of the above studies involve the tunneling of a 
single particle. In this thesis we consider a pair of particles, bound with a realistic 
binding potential, incident upon a potential barrier. Some intriguing questions emerge 
immediately. For a single particle incident upon a thin* potential barrier one usually does 
not find any transmission resonances, i.e. specific energies at which there is complete, or 
almost complete, transmission. Does one obtain transmission resonances for the case of a 
molecule incident upon a thin harrier? How do molecular excitations affect the probability 
of transmission? What does one find when a second thin potential barrier is included? How 
can these results be understood physically? Can our results he applied to more realistic 
three-dimensional systems? Can our results be applied in an experimental setting? All of 
these questions will be addressed in this thesis. Before proceeding a historical background 
of tunneling will be given and several papers related to the tunneling of molecules will be 
discussed.
*For a thin potential barrier we require that the expectation value of the length of the molecule is much 
greater than the width of the potential barrier.
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1.1 Historical Background
The first few events that triggered the eventual discovery of quantum mechanical tunneling 
occurred shortly after the discovery of natural radioactivity in uranium by Becquerel in 
1896 [4]. In a study by Elster and Geitel [5], it was found that several different radioactive 
substances all decayed exponentially, that is, the number of radioactive nuclei iV at a time 
t could be written in the form
N{t)  =  TVo exp(—Tf), (1.2)
where No is the original number of radioactive nuclei and F is a rate constant that depends 
on the particular radioactive substance [5]. In a similar study by Rutherford in 1900, the 
idea of a radioactive element’s “half-life” was introduced [6]. Next, Schweidler showed 
that the decay of a nucleus does not depend on its history or formation and that the time at 
which a nucleus decays can only be predicted statistically [7]. Over the next several years 
other studies showed that the half-life of a radioactive material does not depend on external 
variables such as pressure, temperature, and chemical environment [2].
The link between radioactive decay and quantum mechanical tunneling was made 
independently through studies done by Gamow [8, 9, 10] and by Gurney and Condon
[11,12]. These studies were motivated by trying to understand the nature of the radioactive 
decays described above, and, in particular, those involving o-decay. In o-decay, a helium 
nucleus breaks oflF from a heavier (radioactive) nucleus such as uranium. This decay is 
spontaneous and can be described statistically in the same manner as described in the 
studies above. The half-lives for various radioactive substances vary greatly. These half- 
lives can vary over 24 orders of magnitude. In the studies done by Gamow, Gurney, and 
Condon in 1928, it was proposed that the process of a-decay could be understood via the 
quantum mechanical tunneling of the a-particle. By picturing the a-particle initially in a 
bound state of the nuclear binding potential, a-decay occurs when the a-particle tunnels 
from its initial bound state through the barrier caused by the Coulomb potential between 
the daughter particle and the a-particle. The results of these calculations were astounding. 
Although this simple one-dimensional model did not agree with the experimental results 
exactly, it did give the qualitative aspects of the decay by reproducing tunneling times or
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decay times that spanned over the correct range. It was also shown that this result could 
be related to the Geiger-Nuttall formula, an empirical law derived in 1912 that relates the 
half-life of a radioactive substance and the energy of its emitted a-particle [13]. Gamow, 
Gurney and Condon realized the implications of their result, not only in particle physics, 
but in general physical systems as well. In a work by Gurney the idea of obtaining high 
transmission probabilities for low energies was introduced [14]. This marked the first 
discussion of the transmission resonances in quantum mechanical tunneling, which is the 
focus of the work in this thesis.
At around the same time as the studies of a-decay, the idea of quantum mechanical 
tunneling was being applied to understand the removal of electrons from a metal under the 
influence of an external electric field. This phenomenon is most commonly referred to as 
cold emission. Quantum mechanical tunneling is used to understand this phenomenon by 
modeling the potential that holds the electrons in the metal as a finite box. At a temperature 
of absolute zero, i.e. the temperature at which there is no thermal energy available to the 
electrons, the electrons occupy all of the energy levels in the box up to the Fermi energy.^ 
The amount of energy required to remove an electron from this box is given by the work 
function W  of the particular metal. However, by applying an external electric field to the 
system one can change the depth of the potential well from W  to W  — eex, where x  is 
the distance from the outside of the box, e is the magnitude of the electric charge of an 
electron, and e is the strength of the external field. With this model, the system has the 
form of a particle incident upon a potential barrier. By treating this as a tunneling problem 
for the electrons in the metal, the Fowler-Nordheim formula for the transmission amplitude 
is obtained [15]:
1^ 1' “ "’'p { - Æ S )  ■
Using this simple model physicists were able to describe cold emission very well 
qualitatively. Many years later (1980s) the study of cold emission was applied to develop 
the scanning tunneling microscope. By carefully measuring the current induced by an 
electric potential between a metal surface of interest and a sharp tungsten tip, very detailed
^Even at room temperature very few electrons are thermally excited above the Fermi energy and the 
problem can be treated as though the temperature is absolute zero.
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studies of the topography of the surface can be obtained using the scanning tunneling 
microscope [3].
Through the 30s, 40s, and 50s the study of tunneling was concentrated on the tunneling 
of electrons in metals and semiconductor systems. The setup in these systems was similar 
to that described above for cold emission. The two metals were represented by finite boxes 
of some finite depth and an insulator was placed in between the boxes. If the insulator 
was thick, no tunneling would occur, however, if the barrier was thin there was a large 
probability that an electron incident upon the barrier would tunnel from one metal to the 
other. In this simple model it was found that when both metals are normal conductors, 
the current induced by applying a potential across the two metals follows Ohm’s law for 
low voltages. In 1960, it was discovered by Giaever that if one of the metals in the diode 
was superconducting, then the voltage-current plot was no longer linear [16]. Giaever also 
found a gap centered around the Fermi energy where there were no allowed energy states. 
The upper half of this energy gap is believed to be due to the attraction between electron 
pairs that occurs in a superconductor state. These electron pairs, or Cooper pairs, and their 
corresponding energy play a crucial role in BCS theory of superconductivity [17, 18].
In 1962, Josephson considered what happens when both metals are superconducting 
[19]. In this calculation he assumed that a thin insulating layer was placed between 
two superconducting materials to form a junction. Josephson found some remarkable 
effects with regard to the flow of electrons in this setup: the DC Josephson effect, the 
AC Josephson effect, and macroscopic long-range quantum interference [20]. In the DC 
Josephson effect it is found that a DC current flows across the junction even in the absence 
of any electromagnetic field. By applying a DC voltage across the junction radio frequency 
current oscillations are induced across the junction. This effect is known as the AC 
Josephson effect. It was also shown that long-range quantum interference results when 
a DC magnetic field is applied through a superconducting circuit containing two junctions. 
In this case, the supercurrent shows interference effects dependent on the magnetic field 
intensity. Josephson was awarded the Nobel Prize in physics for this work in 1973.
It is interesting to note that quite recently, in 2000, the tunneling of a single atom was 
observed experimentally [21, 22]. In these experiments the tunneling of a hydrogen atom
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through the potential wells that exist on a copper surface was observed directly. A peculiar 
feature of the results from these studies was that the tunneling rate increased as the metal 
surface reached colder temperatures.
In the next section other recent works on quantum mechanical tunneling will be given. 
In particular, research done on the tunneling of molecules will be addressed in detail.
1.2 Recent Studies
The tunneling of a molecule was first studied in detail by Saito and Kayanuma in 1994 
[23]. There, the molecules were assumed to have equal mass m and were incident upon 
a rectangular potential barrier of width a. The coordinates of the individual atoms in the 
molecule were given by Xi and Zg, as shown in Fig. 1.1. Saito and Kayanuma formulated
Xi a
Figure 1.1: A homonuclear diatomic molecule of mass 2m incident upon a rectangular 
potential barrier of width a.
the problem by first writing out the following Hamiltonian:
n?H  = - - +2m \  dxf dxl  
where the potential barrier was given by
V(x)
+  y  (^i) +  y  {^2 ) +  u  (3:1 — X2 ),
-a/2 < X  < a/2, 
otherwise,
and the molecular binding potential was an infinitely deep well given by
-  ^2) — I 0 0 < \x\ — 3:21 ^  T,CX] otherwise.
(1.4)
(1.5)
(1.6)
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This simple binding potential possesses a “hard core”, that is, the probability that the atoms 
in the molecule have no separation is zero.
Saito and Kayanuma wrote the corresponding Schrddinger equation in terms of the 
center-of-mass (CM) coordinates ^ — x\ — X2 and x — \ { x i X 2 ). The wave function 
was then expanded in a series of eigenfunctions of the internal mode as
00
^ ( 3;, 0  =  $ 2  (1-7)
n = l
where ipn{x) are the CM wave functions and Xn{0  the relative motion wave functions. 
By solving for the associated relative motion, a CM problem similar to the form of that 
derived in Chapter 2 of this thesis is obtained. A complicated numerical procedure was 
then used to extract the transmission probabilities. The results of their study showed that 
transmission resonances do occur for a diatomic molecule incident upon a potential barrier. 
The main body of their work was concentrated on the ground state of the molecule, i.e. for 
n =  1. They also showed that transmission is possible for a molecule that makes a transition 
during tunneling, but did not study this feature in any detail. We expand on their work in 
this thesis by including a more realistic binding potential and by studying the tunneling 
through a 6-barrier, a rectangular barrier, and a Gaussian barrier. We describe the physical 
process behind the resonant tunneling effects and derive a purely analytical result for the 
probability of transmission by using a “fixed length” approximation. We also consider a 
diatomic molecule incident upon a pair of potential barriers and discuss the extension of 
our results to more realistic three-dimensional systems and experimental settings.
In 1995, Saito and Kayanuma studied the tunneling of a Wannier exciton through a 
single barrier heterostructure [24]. By treating the electron-hole system as a molecule, 
they showed that an exciton may exhibit tunneling resonance behaviour similar to that 
mentioned above. We will give other applications of the tunneling of a diatomic molecule 
in Chapter 6.
In 2000, Pen’kov continued the work of Saito and Kayanuma on the tunneling of a 
diatomic molecule [25]. Pen’kov regarded the physical and convergence details as having 
been missed in the Saito and Kayanuma paper. In particular, Pen’kov returned to the 
full Schrddinger equation from (1.4) and solved the problem using numerical methods
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extensively. Pen’kov was able to reproduce the results from the Saito and Kayanuma paper 
using this careful, albeit brute foree, method. Pen’kov also presented a clearer picture of the 
physies behind the transmission resonances. This was done by studying the “metastable” 
states that occur when the atoms of the molecule are on opposite sides of the thin potential 
barrier. By calculating the energies of these metastable states, Pen’kov was able to predict 
the energies of the transmission resonances. Although this approximation method cannot 
reproduce the entire probability of transmission spectrum and is not overly accurate at 
predicting the energies of the transmission resonances, it does give some insight into the 
physics behind the transmission resonances.
We present an excellent approximation using a “fixed length” model in Chapters 4 and 
5. This approximation reproduces the transmission probability curve quite accurately. 
Pen’kov also extended this line of research by including a more realistic harmonic oscillator 
binding potential and by using Gaussian and Coulomb barriers for the potential barrier. 
Similar results to those found in this thesis were found for these more realistic potential 
barriers.
In 2002, Sato and Kayanuma studied the quantum inelasticity in the reflection of a 
composite particle [26]. This study demonstrated an interesting eontrast between the 
reflection of a molecule from a hard wall in classical mechanics and quantum mechanics. 
There it was shown that, quantum mechanically, the internal vibration was highly exeited 
after a collision, even when the molecule encountered the wall in its ground state. This 
is vastly different from the classical case where the molecule is reflected elastically as a 
whole. This work also drew attention to the critical energy of a molecule tunneling through 
a barrier, that is, the minimum energy required to make an excitation during the process 
of tunneling. More details on the critical energy of a molecule incident upon a potential 
barrier will be given in Chapter 4.
In 2005, the results from this thesis were published in a paper by Goodvin and Shegelski 
entitled “Tunneling of a Diatomic Molecule Incident Upon a Potential Barrier” [27]. The 
detailed formulation of this problem and its results will be discussed in the following 
chapters.
In all of the works mentioned above various methods were employed to extract the
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probabilities of transmission from the "multichannel" Schrodinger equation (or equivalent) 
that arises from the expansion of the full wave function in terms of the internal mode as 
in (1.7). In other studies, methods of solving the multichannel Schrodinger equation are 
discussed [28,29]. However, these studies are focused on the mathematics and convergence 
details and not on any particular physical system such as the tunneling of a diatomic 
molecule.
To summarize, in this thesis the study of the tunneling of a diatomic molecule is 
expanded from the above studies in five key ways: (i) we employ a more realistic binding 
potential for the molecule, (ii) we apply the method of variable reflection and transmission 
amplitude to obtain the physical results of interest in an efficient manner [2], (iii) we 
study the effect of transitions between bound states during the process of tunneling, (iv) 
we foeus on a full understanding of the transmission resonances and develop a very 
good approximation that describes not only the energies of the resonances, but the entire 
probability of transmission spectrum, and (v) we extend this work to include the tunneling 
of a diatomic molecule incident upon two potential harriers. We also discuss how our work 
could be extended to three-dimensional systems and realistic experimental settings.
1.3 Outline of Thesis
In Chapter 2 of this thesis the formulation of the problem of a diatomic molecule incident 
upon a potential barrier is carried out. The relative and center of mass (CM) motions 
are identified, leading to separate equations for the relative motion and CM motion. The 
relative motion is found to be dependent only on the choice of binding potential for the 
molecule. The CM motion is found to be dependent on both the relative motion and the 
potential harrier. The multichannel Schrodinger equation obtained at the end of Chapter 2 
can be solved using the method described in Chapter 3.
In Chapter 3 the method of variable reflection and transmission amplitude is presented 
[2]. This elegant method allows one to reduce the problem of solving for the reflection and 
transmission coefficients for a system described by a multichannel Schrodinger equation to 
two sets of nonlinear coupled differential equations. This highly mathematical derivation 
significantly reduces the amount of computation required to obtain the quantities of
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physical interest: the probability of transmission and the probability of transition between 
binding energy levels during the process of tunneling.
In Chapter 4 the results of our studies of a molecule incident upon a single 5-barrier 
are given. A detailed discussion of the numerical methods involved in the application of 
the variable reflection and transmission amplitude method is given. We show that sharp 
transmission resonances do occur and that the addition of an excited state of the binding 
potential tends to decrease the probability of tunneling. These results are further understood 
by employing a “fixed length” approximation where we treat the length of the molecule 
as though it is fixed and calculate the probability of transmission using purely analytical 
methods.
In Chapter 5 we study the tunneling of a molecule incident upon a pair of potential 
barriers. This leads to several more interesting transmission resonances. Our results are 
again further understood by calculating the probability of transmission using a purely 
analytical approach where we treat the length of the molecule as though it is fixed.
In Chapter 6 we give a summary of this thesis. We present physical explanations of our 
results and discuss extensions of our work to more realistic three-dimensional systems. We 
also discuss relevant experimental studies in molecular physics to which our work could be 
applied.
The Formulation of the Problem
In this chapter we specify the quantum mechanical tunneling problem for a diatomic molecule 
incident upon a potential barrier. We will derive the “multichannel” Schrodinger equation 
for an arbitrary molecular binding potential and external barrier.
2.1 Formulation of the Problem
Consider a one-dimensional tunneling problem with a homonuclear molecule of mass 2m 
approaching a potential barrier V  (x) as shown in Fig. 2.1. The full Hamiltonian for this 
problem is
fe2 /  g2 g2 \
^  =  +  ~
where Xi and X2 are the usual coordinates for each particle in the molecule and Vb(a^ i — ^ 2 ) 
is the binding potential of the molecule. By converting to relative and center of mass (CM) 
coordinates defined by
(  =  -  3:2 (2.2)
11
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V(x)
X,
Figure 2.1 : A homonuclear diatomic molecule of mass 2m incident upon a potential barrier 
V(x).
and
=  % (a;i +  3:2) (2.3)
respectively, this problem can be rewritten in terms of its relative motion and CM motion. 
The full Hamiltonian can then be written as
Terms involving the relative motion only are isolated from the CM motion and we solve 
the associated Schrodinger equation:
(2.5)
where the Xn{C) are the relative motion eigenfunctions and the e„ are the corresponding 
binding energy eigenvalues. We can solve for the x„(Ç) and e„ terms with a suitable choice 
for the binding potential of the molecule. We proceed with a method developed by Razavy 
[2] by expanding the total wave function in terms of the relative motion wave
functions:
oo oo
^(:z:, 0  =  ^  ^  V'n'WXn(^). (2.6)
n '= 0  n = 0
For a molecule of total energy E  with binding energy e„, the CM energy is E  -  e^. Since 
this depends only on n  we can replace the double summation over n and n' with a single
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summation over n:
(2.7)
Substituting this into the full Schrodinger equation = E ^ { x ,  Ç) we obtain
+
Expanding the H ^ { x ,  term yields
OO oo ✓
^^ lA T ,(4 X n (^ ) =  IZ I
n= 0 n —ü
m %»(()
+
which can be written as
00 00 /  
E j 2 ^ n { x ) X n i O  =  5Z I
n = 0  n = 0  ^
4m dx"^ + V'n(a;)%n(()
F I x  +  M + y i x - i ç (2.10)
4m dx^ +  e„
Multiplying by Xm(^) integrating over all values of ^  we find
„ _ 0  "  n = 0
o o  p Q Q  OO /
^^V 'T ,(a :) /  Xm(()X"(()(^ =  ^ )
n  J — o o  r>— n  t
A / OO%m(0%»(()(^
■OO
I'V'»(a;)xm(Ox»(()(^f, (2.11)
which reduces to
OO OO /
E JZ i^ nix)Smn = 5Z ]
n= 0 n = 0  ^
+r  («/ —oo _ \
4m dx“^ + e.
V'n(a;)Xm(()x, ,(«)<!{}, (2.12)
where we have used the orthonormality of the XniO- This can be written as
4m dx"^ V'm(z)
/*oo r /  1 \  /  1^  /»C
%m(()Xn(()'^V'»(:c) =  0. (2.13)
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By switching the labels m  and n  we obtain
Am dx^ E  &ri
By defining the “effective” potential
x»(5)x;(e)cie V '.(i)  =  o. (2.m >
, . 4m r
-  I f l  J _ , y | x  +  i ç ] + v ' ( ' : c - i ?
and the CM wave number
, 2  _  4m . _ ,
kn — -  e„),
(2.15)
(2.16)
the above equation can be written as a set of matrix differential equations given by
+  k l  ]'tpn{x) -  y j  Vnm{x)lpm{x) =  0.
m=0
(2.17)
We will refer to (2.17) as the “multichannel” Schrodinger equation [2]. The effective 
potentials Vnm can be thought of as the potential barriers that the CM encounters when 
incident in the binding state Xm(0 ^nd reflected/transmitted in the binding state Xn(0- We 
will also refer to these binding energy levels as “channels.” The CM energy is h^k‘^ /Am.
2.2 Summary
We have rewritten the problem in terms of the multichannel Schrddinger equation (2.17). 
This has allowed us to split the two-particle system into two single-particle systems; 
relative motion and CM motion. Given a binding potential Fo(Ç) we can solve for the 
relative motion wave functions and energy levels for the molecule. After specifying the 
potential barrier V{x),  the effective potentials Vnm{x) can be obtained and the CM wave 
functions (a;) can be solved for. In the next chapter we present an elegant method for 
extracting the probabilities of reflection and transmission from an equation of the form 
given in (2.17).
The Method of Variable Reflection 
Amplitude
In this chapter we present the method of variable reflection amplitude which will be used to 
solve the multichannel Schrodinger equation derived in Chapter 2. We find expressions for 
the reflection and transmission coefficients and combine these coefficients to find the total 
probabilities of reflection/transmission. We also derive an expression for the probability of 
transition between channels during the process of tunneling.
3.1 The Formal Solution of the Multichannel Schrodinger 
Equation
The formal solution of the multichannel Schrodinger equation (2.17) is given by
1  f O O
(3.1)
We have introduced the second subscript i because the molecule may be incident upon the 
potential barrier in an eigenstate Xi{C) and reflected/transmitted in an eigenstate %n(^), i.e.
15
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the molecule can make a transition between its bound states during the process of tunneling. 
To show that this solution satisfies (2.17) it is useful to write it as
1 OU px
1 °° roo
+  /  e " ' * " ( a ; ' ) V ' m i  ( a ; ' ) (3.2)
* " m=0
One easily verifies that V’nj {x) is a solution of the Schrodinger equation by substituting 
(3.2) into (2.17). By taking the positive and negative infinity limits of the above equation 
we can define the reflection and transmission coefficients and Tni [2]:
'ipniix —> —oo) J k n X '
+ e -ik„x Rni
Xnmix )diC (3.3)
(3.4)
where
and
1 fOO
R j i i  —  o  V nm {x ') '4 > m i{x ')dx '^
* m=0
(3.5)
1 roo
iknXrp (3.7)
where
1 _ /*oo
Tni =  V '  /  Vnmix')'lpmi{x')dx'. (3.8)
The limits of take the form of an incident and reflected wave to the left of the barrier, 
and a transmitted wave to the right of the barrier. The subscript i refers to the incoming 
channel or eigenstate, whereas the subscript n  refers to the outgoing channel or eigenstate.
3.2 Method of Variable Reflection and Transmission 
Amplitude
It is our goal to calculate the reflection and transmission coefficients. Instead of proceeding 
directly by calculating the ipni terms and then substituting to find Rni and T„i, we use the
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elegant method of variable reflection and transmission amplitude outlined in Ref. [2] . 
This method will lead to a significant reduction in the computation required to obtain the 
reflection and transmission coefficients. The full details of this calculation are as follows. 
We first define the cut-off potential
-  ? / ) (3.9)
(3.10)
where
for X < y ,  
for X > y.
The formal solution of the multichannel Schrodinger equation for this cut-off potential is 
similar to the formal solution ipniix) given in (3.1):
-j ^  poo
=  ^  /  z > 2 / .  (3.11)
Just as tpni{x) is a solution of the multichannel Schrddinger equation (2.17) with the
effective potential Vnm(x), i ’niiv, x) is a solution of the multichannel Schrddinger equation
(2.17) with Vnm{x) replaced by the cut-off potential Vnm{y, x). In a similar manner to the 
definitions (3.5) and (3.8) we define
iknx' (3.12)
and
1 roo
Tni{y) = Sni Vnm{x')'tpmi{y, x ')dx'.
m = 0
(3.13)
We call these coefficients “variable” reflection and transmission coefficients because of 
their dependence on the variable y. The y dependence has been introduced to construct two 
sets of differential equations that can be solved to determine Rni and T„j. The details are 
given below.
It will be useful later on to calculate tpni{y, y)- This is easily found from (3.11):
— ihn (3.14)
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We next use (3.11) to calculate 4;;ipni{y, x) as
d t  2ik„
^  poo
  n . J y
. (3.15)
If we take the above equation and replace i by j ,  multiply by {y), and then sum over j ,
we obtain
j=0 y  j= 0  ”  m = 0
j=0 ” m—0 y
Defining Bjn'{y) with the equation
OO ^ 0 0
"  E  y ]  =  J»»,, (3.17)
j=0 * "  m =0
we can write (3.16) as
1=. %
+  E ? ^ E  r  B j.' (ÿ)d^'. (3.18)
By comparing the form of (3.18) and the formal solution for the cut-off potential (3.11) we 
recognize that
j=o y
Next, by taking (3.19) and multiplying by the inverse matrix element and then
summing over n', we obtain
OO OO ^  1 /  \  0 0
E t . ' ( i / , 4 B;4w  = E  E ^ 3"'M^.~i.fa) (320)
n '= 0  j= 0  n '= 0
=  (3.21)
u  %
=  9Vw E £ ) .  (3.22)
a%/
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Changing the labels x ^  x', n m, n' i, and p —> j  we have
=  (3.23)
i= 0  y
Taking the definition of Rni{y) from (3.12), multiplying by and then summing
over i gives
OO -  OO pQ Q  OO
'^ R n i{ y )B i^ { y )  =  Vnm{x')Y^^mi{.y,x')B~j^{y)dx'{32A)
i=^ ) * ,nt=0 Jp i=0
Again, we change labels x' x  and i —)• n' to write
=  da:. (3.26)
n'=0 ^
We will need an expression for To find this we use the definition of Bjn> from (3.17) 
and multiply by B~}y. By then summing over n' we obtain
OO OO .. OO OO
Y , K n ’B-,],{y) =  -  ^  y ]  v U y ) ’l>m,(y,y) Y ,  Bjn'{v)B-^,{y)- (3.27)
n '= 0  j= 0  * ”  m = 0 n '= 0
Simplifying, we write
OO .. OO
(3.28)
j=0 ”  m - 0
1 °°
g-'k.y ^  (%/, 2/)- (3.29)
2ikji m=0
We will now start combining all of these results. We first differentiate the expression for 
R n i { y )  given in (3.12):
.J OO
-  2/). (3.30)
"  m = 0
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Using (3.26) in the first term above and (3.14) in the second above below we obtain
d
J=0
001
2 ik r
+  (3.31)
By substituting the expression for (y) from (3.28) into the above equation and using
(3.14) to eliminate v) we obtain
^ R n .{ y )  = -  E Ë  P ” ’''*™ +
1
m=0 j=0
OO OO
E  E  RnAvh  (3.32)
m—0 j=0 ^
which can be written as
7 OO 1
= -  E  ^
OO
X - (3.33)
m=0
This set of equations can be used to solve for the variable reflection amplitude Rni{y)- A 
set of equations for the variable transmission amplitude Tni{y) can also be found. With a 
similar calculation to that shown above for the variable reflection amplitude, we can show 
that
7 OO ^ OO
y ]  Vj„(y) . (3.34)
j=:0  ^ m =0
We now have a set of first order nonlinear coupled differential equations for the Rni{y) 
and Tni{y) matrix elements. Boundary conditions for the variable reflection coefficient 
matrix elements are found easily by comparing (3.5) and (3.12) to be
R n i i y  Oo) —- 0, R n i i y  OO) —  Rni-  (3.35)
Similarly, by comparing (3.8) and (3.13), the boundary conditions for the variable 
transmission coefficient matrix elements are
Tni{y oo) =  Sni, Tni{y -> -oo) =  T„*. (3.36)
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For the numerical calculation of these matrix elements it is convenient to introduce 
functions Uniiy) and Qniiv) defined by
(3.37)
and
=  (3.38)
Substituting (3.37) into (3.33) and (3.38) into (3.34) we obtain the following nonlinear sets 
of equations
r T^T Jn ,\  _ 2 2 _
(3.39)^ni "b kj^Uniiy) ^  ^
j ,m = 0
and
=  -z(A:n +  ^
j,m=0
(3.40)
The boundary conditions are found easily from the definitions of the matrix elements Uni 
and Qni'.
 ^ (3.41)-b  oo)
and
(3.42)
The advantage of working with Uni{y) instead of Rni(y) is that Uni{y) is a symmetric 
matrix with respect to the interchange of the subscripts n and i. This follows because the 
effective potential Vjm{x) is symmetric. Therefore, for a system having N  channels, we 
need only calculate ^N {N  + 1) elements of Uni instead of calculating elements of Rni- 
The method of variable reflection and transmission amplitude has allowed us to reduce 
the problem of solving for the reflection and transmission coefficients Rni and Tni to 
solving two sets of first-order nonlinear differential equations. This will allow for a 
significant reduction in the computation required when solving for R^i and Tni as compared 
to the direct method.
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3.3 Probability of Reflection and Transmission
It is our goal to combine the reflection and transmission coefficients found above to 
calculate the total probability of reflection/transmission for a diatomic molecule incident 
upon a potential barrier. The reflection and transmission coefficients describe all of the 
possible ways in which the molecule can be reflected and transmitted after encountering a 
potential barrier. For example, the reflection coefficient i ?02 is related to the probability of 
reflection for a molecule incident in channel 2 (some excited state) and reflected in channel 
0 (the ground state). The actual probability of reflection in this case is |^|7?02p> where 
the factor of ko/k2 is a consequence of flux conservation (see calculation below). We are 
therefore looking for a summation formula that allows us to combine all of these different 
routes to obtain the total probability of reflection/transmission.
We next present a rigourous derivation of the total probability of reflection. First recall 
the definition of flux for a general wave function 'tp{x):
h
= (3.43)
where Im(z) is the imaginary part of z. The definition of the total probability of reflection is 
the ratio of the magnitude of the flux reflected by the potential barrier and the magnitude of 
the flux incident upon the potential barrier. We will denote the magnitudes of these fluxes 
by Jr and j) respectively to write the total probability of reflection as
PA =  (3.44)
Ji
The net flux j^{x)  denotes the combination of the incident and reflected fluxes for a wave
function W as a function of x. Here T' is the total wave function given by Ÿ (z,^) =
i ’n{x)XniO- In the limit x -)■ -o o  we can write
j$ (-o o )  =  Urn j^{x) =: ji -  Jr . (3.45)
x —>—oo
Substituting the above expression into (3.44) we obtain
=  (3.46)
Ji
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To calculate oo) we first use the formal solution for ij){x) given in (3.1) to write the 
total wave function as
n = 0
ikn{x-x') ( f
4-
m=0 ®
We can then calculate the following limits:
-j ^  pa
1 °° roo
^_nJx
%»((). (3.47)
(3.48)
n = 0
and
lim =  T  %^(^). (3.49)x^-oo OX '■n=0
Substituting the above equations into (3.43) we obtain the net flux as a function of
c -“ "x.*(Ç) +  E e - ‘-*K .x:(Ç )
77=0
OO
ik,e“=<’ x i(0  -  y ]  A.IX.K)
n = 0
(3.50)
This can be expanded as
h
;$ ( -o o ,( )  =  —
ik ix+!fce“ *
,77=0 
O OO
%i(()
.77=0
%:(()
KiRnHXKOXn'iO \ ■ (3.51)
n = 0  n '—O
We then integrate over all ^ to write the net flux as
M - o o )  =  ^ I m
77=0
77=0 77=0 n '= 0
(3.52)
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Simplifying we can write
The incident flux is easily found:
ki ^   ^kji I Rji
n= 0
(3.53)
AkiX hki
~M' (3.54)
Therefore, using (3.44), the total probability of reflection for the molecule is
PA
kv]
n —O
(3.55)
The above equation is for a molecule incident upon a potential barrier in channel *. To 
make this explicit we add the superscript i to pn:
(3.56)
A similar calculation to that shown above gives the following expression for the probability 
of transmission:
(3.57)
The above expressions are what one would expect: sums over all the possible ways in 
which the molecule is reflected/transmitted during the process of tunneling. One can 
now calculate the total probabilities of reflection and transmission using the reflection and 
transmission coefficients found using the method of variable reflection and transmission 
amplitude.
3.4 Probability of Transition
We will also be interested in calculating the probability of a transition from channel i 
to channel n, Pi^n^ during the process of tunneling. That is, we would like to find an 
expression for the probability that a molecule incident in an eigenstate XiiO is reflected 
or transmitted in an eigenstate Xn(C)- To calculate Pi^n we calculate the probability that 
a molecule incident in channel i makes a transition to channel n while being reflected by
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the barrier and we calculate the probability that a molecule incident in channel i makes a 
transition to channel n while being transmitted through the barrier. These probabilities 
are directly related to the reflection and transmission coefficients: the probability of 
reflection for a molecule incident in channel i and reflected in channel n  is ^\Rni\^  and the 
probability of transmission for a molecule incident in channel i and reflected in channel n  is 
The coefficients kn/ki arise in the same manner as shown in the previous section 
where the total probability of reflection was calculated using the incident and reflected 
flux. These two probabilities cover all possible ways to make a transition from channel i to 
channel n. The probability of transition from channel i to channel n  is therefore given by
Pi^n — (i-RmP +  \Tni\^) ■ (3.58)
3.5 Tests of the Method
Before we proceeded with the full calculation of the reflection and transmission coefficients 
for a diatomic molecule incident upon a potential barrier, we tested the method of variable 
reflection and transmission amplitude on two simple systems. We first considered a single 
particle incident upon a square barrier. This problem can be solved analytically for pr  
with the usual methods (see, for example. Ref. [3]). We then solved this problem both 
analytically and numerically using the method of variable reflection and transmission 
described above. We found that in all three cases the exaet same result is obtained for 
the probability of transmission of the particle, as expected. We were also able to reproduce 
the results reported for a single particle incident upon a double Gaussian barrier given in 
Ref. [2].
3.6 Summary
In this chapter we have solved the multichannel Schrodinger and presented an elegant 
method of solving for the reflection and transmission coefficients. This method reduces 
the problem of solving for the reflection and transmission coefficients to solving two sets 
of first-order nonlinear coupled differential equations. We have also derived expressions for
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the total probability of reflection, the total probability of transmission, and the probability 
of transition between any two channels during the process of tunneling. In the next chapter 
we will apply the method of variable reflection and transmission amplitude to the tunneling 
of a diatomic molecule incident upon a potential barrier.
Tunneling of a Molecule through a Single 
Potential Barrier
In this chapter we specify the binding potential for the molecule and then calculate the 
probability of tunneling when the molecule is incident upon a single (i-barrier. We include 
a discussion of the numerical method used to calculate the exact solution and look at cases 
where transitions between channels occurs during the process of tunneling. We also present 
a “fixed length” approximation which will be used to calculate the probability of tunneling 
using analytical methods only. We compare these approximate results to the exact results. 
This fixed length approximation provides a deeper understanding of the tunneling reso­
nances for a diatomic molecule incident upon a potential barrier.
27
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4.1 The Binding Potential
The potential used to model the binding potential of the molecule is chosen to be
f Vi Ç < -6
0 —b < ^ < —a
V\ —a < ^ < a  
0 a < ^ <b
(4.1)
where 0 <  Vo < 14- This binding potential is shown in Fig. 4.1. This potential will
Figure 4.1: The potential used to model the binding potential of the homonuclear diatomic 
molecule. This binding potential is symmetric and we require 0 < Vo < V .
serve as an approximation to a realistic 3-D molecular binding potential in 1-D (see, for 
example. Ref. [3]). This approximation for the binding potential is used because having 
purely analytical equations for the relative motion will help with the numerical work that 
will be done later on. The relative motion problem (2.5) is solved with the binding potential 
above and the even and odd bound eigenstates are given by
+Aeexp{pnx) ^ <  - 6
+ B e  cos{qnO +  Ce sin(ç„^) - b  < ^  < - a
Xe(() =   ^ -t-DeC08h(8m() -A  < ^ <  Ü
-t-Be cos(gn^) -  Cg 8in(g»() o <  (  < 6
e x p ( - p n z )  Ç  >  6
(4.2)
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and
+Aoexp(p»a;)
+Bocos(g»^) +  Co8in(g»^)
-\-Do sinh(sn^)
-B o  cos(ç„0 +  Co sin(g»()
- A o  e x p ( - p n x )
^ < —b 
-b < ^ < —a 
- o  <  ^ <  a 
a < ^ <b  
( > 6
(4.3)
respectively, where
-  e»)
9
Qn
rp
me„
n? ’
-  6n)
R2
(4.4)
(4.5)
(4.6)
and 0 < e„ < V"o. The lengthy expressions for the coefficients obtained by matching these 
solutions across the boundaries and normalizing the wave function to unity are given in the 
Appendix. The eigenvalue conditions for the even and odd solutions are given by
Qn tan [qn{b -  a)] -
and
— tanh(sna) -   ^ r _ ,
qn p n t a n [ q n { b - a ) ]  +  qn
9» , , / p „ ta n [ç „ (& -a) ]+  Çn— tanh(Sjja) — — -— ;— tt -------Sn qn tan [qn{b -  a)\ -  pn
(4.7)
(4.8)
respectively. By choosing the binding potential parameters appropriately we were able 
to obtain four bound states: a pair of even and odd states at a very deeply bound energy 
and another pair of even and odd states at a higher bound energy. The values of these 
energies e„ are given by (4.16) below. Later in the chapter we will show that at least four 
bound states are required to study transitions between eigenstates during the process of 
tunneling through the potential barrier. The addition of higher energy states would make 
the calculations much more cumbersome at this point. We index these states from 0 to 3 
starting with the even state 0 and moving from lowest to highest energy. The states indexed 
by 0 and 2 are even and the states indexed by 1 and 3 are odd. We will refer to the two 
deeply bound states as the ground states and the two higher energy states as the excited 
states.
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4.2 The Effective Potential for a Single 5-Barrier
(4.9)
Recall the equation for the effective potential defined in (2.15):
Some simplification is possible because the eigenstates from (4.2) and (4.3) have definite 
parity (this follows from the use of a symmetric binding potential). By substituting rj = 
in the second term of the integral in (4.9) we find that
where we have used X m { -0  ~  Replacing 77 by ^ we write
/I +1?) (4 .n )
The equation for the effective potential then reduces to
4m
Vnm — /I  l ^ )  +  ( -1 )" '" ']  X™(î)x:(î)rfÇ. (4.12)
From (4.12) we can see that there is no even-odd coupling and that the Vnm nre symmetrical 
with respect to the interchange of the subscripts n  and m. The reflection and transmission 
coefficients Rni and Tni are still asymmetrical: this makes sense because a molecule 
incident in state 0 and exiting in state 2 will certainly have a different reflection coefficient 
than the reverse case. We choose our potential barrier to be a 5-barrier of strength A given 
by the equation
V ( 2: +  =  AJ +  M  (4.13)
and perform the necessary integration in (4.12) to obtain an analytical expression for the 
effective potential (note that Xn(^) is real):
(4.14)
where we require n  and m both even or both odd. Before plotting the effective potentials 
we include for completeness the definitions of the dimensionless variables used:
X  =  x / a ,  k  =  k a ,  V nm  = a ^ V n m  À =  (4.15)
a Vo
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f n  = a, N  — Vi /V q. (4.16)" V
We will use the following numerical values for the dimensionless parameters throughout 
this work:
0.2738, /a =  0.9697,
g = 15, N  = 5, 6/a  =  1.3, À =  0.01.  ^ ^
Note that these values are not completely arbitrary because of the eigenvalue conditions.
Recall that these parameters were chosen because they result in four bound states (0 <
< Vq)- Although the even and odd states of the binding potential are not degenerate,
their energies are extremely close and we will treat the even and odd states, for all intents
and purposes, as being equal throughout the rest of this work. We also find that due to the
form of the solutions Xn(^) we have wqo vu , V22 — %3, and vq2 — «13. Plots of the
effective potentials are given in Fig. 4.2.
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Figure 4.2: The effective potentials ûnm(Æ)- These plots can be thought of as the 
potential barrier that the CM encounters when incident upon the barrier in channel m  and 
reflected/transmitted in channel n. The solid line is 000, the dashed line is V2 2 , and the bold 
dashed line is -602 •
The interpretation of these plots is as follows. The single 6-barrier has translated into 
two smooth barriers. The smoothness is a consequence of the integration over ^ and the
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doubling of the barriers occurs because we are looking at the CM potential barrier; the first 
barrier corresponds to the front particle encountering the (5-barrier and the second barrier 
corresponds to the back particle encountering the (5-barrier. The three regions from left to 
right correspond to both particles to the left of the barrier, particles staggering the 5-barrier, 
and both particles to the right of the barrier, respectively.
We note that Rni =  0 and Tni =  0 when (n i) =  odd. This is readily proven 
using parity or asymptotic expansions of (3.33) and (3.34). Physically, this means that if 
transitions between channels occur during tunneling, they must occur between states of the 
same parity. Therefore, without loss of generality, we need only discuss the two even states 
and consider the following matrix elements for Rni and Tni'. Roo, R 2 2 , R 0 2 , R 2 0 ', ?oo, T22, 
To2 and T2 0 .
Now that the effective potentials are specified and we have reduced the problem to the 
eight matrix elements above, we can return to (3.39) and (3.40). However, because of the 
nature of the Vnm terms, we require a numerical method to solve these sets of coupled 
differential equations. We will use a second order backward Runge-Kutta method to solve 
for the matrix elements Uni and Qni- We will then use (3.37) and (3.38) to solve for Rni 
and Tni. Details of this method are given in the next section.
4.3 The Numerical Method
Before writing out the sets of coupled differential equations in Uni{y) and Qni(y) that will 
be used to solve for the reflection and transmission coefficients Rni and T„j (see Chapter 3), 
we will first define the “critical” wave number. We first consider a molecule incident in the 
ground state of the binding energy. For small values of the total energy E  the binding 
energy state eg is unattainable because of energy constraints. Specifically, a molecule 
incident in its ground state can make a transition into its excited state when (tg)^ > 0 
(recall that ko is the wave number of a molecule in its ground state and tg is the wave 
number of a molecule in its excited state). Using equation (2.16) we find that the total 
energy E  must be greater than or equal to eg:
0 < ( W '  =  ^ ( ^ - 62) => ^ > e g  (4 .1 8 )
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Therefore, for a molecule incident in its ground state, the wave number ko at which 
transitions to the excited state are possible is at the critical wave number given by
K  -  V -^ (6 2  -  eo). (4.19)
For the choice of dimensionless parameters given in (4.17) the critical energy is given by 
the following:
ÂS =  ( / 2 - / o )  -  25.026. (4.20)
When the excited state of the binding potential is unattainable {ko < k^) the coupled 
differential equations from (3.39) and (3.40) reduce to single differential equations that 
depend on the ground state of the binding potential only:
dUoojy)
and
— 1 — 2ikoUoo{y) — voo{y)Uoo{y) (4.21)
— —‘^ ikoQooiy) — Voo{y)Qoo{y)Uoo{y), (4.22)
with the following boundary conditions:
When the excited state is attainable {ko > &§, or the molecule is incident in its excited 
state), (3.39) reduces to a set of three coupled equations and (3.40) reduces to a set of four 
coupled equations. In this case the differential equations depend on both the ground state 
and the excited state. Denoting the derivative with respect to y with a prime, we write the 
following coupled sets of differential equations:
U'ooiy) — 1 ~  ‘^ ikoUooiy) — voo{y)Uoo{y)^
-i;22(2/)%(l/)^ -  2no2(%/)(/oo(i/)%W
% (2/) =  1 -  2iA:2[/22W) -  -  ;^22(%/)f/22(2/)^
-2no2(%/)Uo2(2/)U22(%/)  ^  ^ ^
% (l/)  =  +  ^2)(/02(î/) -  ï;ooW(A)o(l/)(/o2W
—v22{y)Uo2{y)U22{y) — % ( 1/) [(^oo(y)c^22(y) +  %(%/)^] ,
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and
Q'ooiy)  — ~ 2 iA :o Q o o (? /)  — v o Q ( y ) Q o o i y ) U o o { y )
— v 2 2 { y ) Q o 2 { y ) U o 2 { y )  — v o 2 { y )  [ Q o o { y ) U o 2 { y )  +  Q o 2 { y ) U o o { y ) ]
=  —‘^ik2Q22{y) — '^oo{y)Q2oiy)Uo2{y)
—v22{y)Q22{y)U22{y) — vo2{y) [Q2o{y)U22{y) +  Q22(%/)%(%/)]
Qmiy) — “ *(^0 +  k2)Qo2{y) — vooiy)Qoo{y)Uo2{y)
-~ ' ^ 2 2 {y )Q o 2{ y )U 22 { y )  — ^0 2 (2/) [ Q m { y ) U 2 2 { y )  +  0 0 2 (2/ ) %  (2/)]
Qwiy) — ~'^{ko +  k2)Q2o{y) — voo{y)Q2o{y)Uoo{y)
—i’22 ( y ) Q 22{ y ) U o 2 { y )  — vo 2 { y )  [Q 2o { y ) U o 2 { y )  +  Q 22 ( y ) U o o { y ) ]
(4.25)
with the following boundary conditions:
17oo(^  00) =  2^ ,  Qoo(%/ ^  00) =
U2 2 {y 00) =  022 (1/ 0 0 ) = (4.26)
Uo2 {y 00) =  0, 002(1/ ^  00) =  020(1/ 00) =  0.
A computer program has been written to solve these differential equations, calculate the 
matrix elements R n i  and T„j, combine these to obtain and and then plot the
probabilities of transition, refleetion, and transmission versus incident wave number (i.e. 
energy). The sets of non-linear coupled differential equations are first order. Also, we 
know the value for eaeh matrix element as y 00 from (3.41) and (3.42). A second order 
Runge-Kutta method is used to solve the appropriate sets of boundary value differential 
equations from (4.21-4.26). The positive and negative infinity limits are replaced by finite 
values where the effective potentials Vnm are very close to zero (they are exponentially 
decreasing). Accurate results are found for bounds larger than approximately y =  ±1, as 
illustrated by Fig. 4.2. For the results in this work the bounds of the Runge-Kutta method 
are chosen to be at y =  ±2. To check the validity of results using this range, we also 
consider bounds for the Runge-Kutta method at y =  ±3, using the same step size as the 
y =  ±2 case. Upon comparison of these results, we find that the results for the probability 
of transmission are equal to five decimal places.
The numerical error in the Runge-Kutta method was monitored by watching the changes 
in U n i { y )  and Q n i { y )  after each iteration. Excellent convergence is found for any more than 
2000 slices in the interval [—2,2]. We use 4000 slices for the results reported in this work. 
The numerical results were further tested by comparisons to results obtained using a simple 
Euler’s method procedure with an extremely large number of slices. The numerical results
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are also in very close agreement to the fixed length approximation that will be described in 
section 4.5.
4.4 Results for a Single ^-Barrier
We present a plot of py ^  vs. Âo for &o < Ag in Fig. 4.3. The trend of increasing transmission
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Figure 4.3: The probability of transmission py ^  versus wave number for a molecule 
incident in its ground state upon a single 5-barrier. The plot is shown for a range of 
wave numbers below the critical wave number fcg. The numerical value of the critical 
wave number is % =  25.026. Several transmission resonances are found, including some 
resonances at relatively small values of ko-
with higher incident translational energy is clearly seen. Of special interest is that it is 
possible to obtain complete transmission even for relatively small incident energies. The 
transmission resonances are very sharp and could have applications as quantum filters. 
Such a filter would allow one to take a beam of several diatomic molecules and filter out 
all energies outside of a very narrow range. The effect could be enhanced by a series of 
potential barriers.
We also present a plot for a range of ko including the critical wave number in Fig. 4.4.
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This figure also contains the probability Pq^2 of transition from channel 0 to channel 2 
found using (3.58). Note that the opening of the higher channels decreases the probability
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Figure 4.4: The probability of transmission p'p  and probability of transition Fo—2 versus 
wave number for a diatomic molecule incident in its ground state upon a single 5-barrier. 
The plot is shown for a range of wave numbers including the critical wave number %. The 
numerical value of the critical wave number is fcg =  25.026. The solid line is the probability 
of transmission and the dashed line is the probability of transition from the ground state to 
the excited state during tunneling, Po^2- The opening of the higher channels decreases the 
probability of transmission. The probability of transmission is strongly anti-correlated to 
the probability of transition. The inset graph shows that there is a drop in the probability of 
transmission due to the opening of the higher channels at Âo =
of transmission. This is because the energy used in exciting the state of the molecule 
comes at the cost of a decrease in kinetic energy of the molecule, decreasing the chance 
for transmission. In particular, near the critical wave number, a molecule that moves 
into channel 2 from channel 0 loses almost all of its kinetic energy, leading to complete 
reflection. Therefore, when Pq^2 increases, the probability of transmission decreases in 
a similar fashion. Alternatively, a molecule that remains in channel 0 maintains its high 
kinetic energy and is almost completely transmitted. The plots of  ^ and Po->2 shown in 
Fig. 4.4 exhibit the strong correlation between the probability of transmission  ^ and the
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probability of transition Fo->2- A closer look at the critical energy is shown in the inset 
of Fig. 4.4. There is a drop in p P  at the critical energy due to the opening of the higher 
channels.
We now consider a particle incident in its excited state. It is necessary to take into 
account both the ground state and the excited state in this calculation. A plot of p P  
vs k<2 is shown in Fig. 4.5. Note that p P  is the total probability of transmission for a 
molecule incident in its first excited state and &2 is the wave number for a molecule in 
its first excited state. We also include P2-^q, the probability of transition from the excited 
state to the ground state. From this plot we see that the general trend of transmission 
probability approaches 100 % very quickly for the molecule incident in its excited state 
because a molecule in its excited state has the option of moving to its ground state to gain 
more kinetic energy, hence increasing the probability of tunneling. Again we see a strong 
correlation between the probability of transmission and the probability of transition, as 
shown in Fig. 4.5.
4.5 The Fixed Length Approximation for One (5-Barrier
Our next task is to understand the locations of the transmission resonances for a diatomic 
molecule incident upon a (5-barrier. To gain insight, we temporarily relax rigour and 
consider the CM motion for a fixed value of This is effectively a single particle problem 
where the single particle (the CM) is incident upon two ^-barriers separated by a distance 
We can therefore calculate T{C) using purely analytical methods. We will then replace ^ 
by its expectation value and compare T((^)) to the exact solution shown previously in Fig. 
4.3. This procedure does indeed provide a helpful picture.
We first write out the Hamiltonian in CM coordinates as done in Chapter 2:
2m
Treating the relative variable ^ as a constant and taking the binding potential energy to be 
Co, we can then write the Schrodinger equation for the CM as
^  -h kA  =  0 (4.28)
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Figure 4.5: The probability of transmission  ^ and probability of transition P2->o versus 
wave number ^2 for a diatomic molecule incident in its excited state upon a single S- 
barrier. The solid line is the probability of transmission for the initially excited molecule 
and the dashed line is the probability of transition from the excited state to the ground state 
during tunneling, P2->o- By moving to the ground state the excited molecule increases its 
probability of transmission. The probability of transmission is strongly correlated to the 
probability of transition.
where the CM potential is
v{x) =
and the CM wave number is
4m V [ x  + - ^ ) + V [ x (4.29)
(4.30)
The above equations have a form very similar to the equations obtained when formulating 
the exact solution for the tunneling of a diatomic molecule in Section 2.1.
Taking the potential barrier to be a 5-barrier of strength A, we look at the form of the 
potential barrier for the CM as shown in Fig. 4.6. This plot is similar to the effective 
potential vqq from Fig. 4.2, except that the peaks have not been smoothed out due to the 
inclusion of the relative motion.
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CM
Figure 4.6: The effective potential for the CM in the “fixed length” approximation. By 
treating the length of the molecule as though it is fixed, the tunneling problem can be 
formulated in terms of a single particle (the CM) incident upon two 5-barriers separated by 
the fixed length of the molecule,
Treating the CM as a single particle, we can solve this tunneling problem analytically 
using the usual methods. We immediately write
 ^ Tie''"": 4- Aie-""": - 1 |( |  < a; < | | ( | (4.31)
Te""": a; >  1 |(|
Matching the CM wave function and its first derivative across the two boundaries we obtain 
four equations in four unknowns (A, A%, T%, T). Solving for the reflection and transmission 
coefficients A and T  we find (recall that they depend on 0
-e (e + 2i) -f e (e — 2i)
R ( ( )
and
where
no
g2g2«to( — — 2iŸ
2
e^sin(to^) +  2ecos(fcoÇ) -  2ze-"")( -  2zesin(A;oO’ 
4mA
t f k o
(4.32)
(4.33)
(4.34)
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The probability of transmission in the fixed length approximation is given by 
4 0 ) _ -------- 1 (4.35)
1 + cos2(A:oO +  sin(A:o$) 4- sin^(A:oO 
Choosing the “fixed length” of the molecule to be the expectation value of the binding 
potential, ^ =  (^) =  1.174a, we plot the fixed length probability of transmission together 
with the exact solution in Fig. 4.7.
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Figure 4.7 : The probability of transmission using the exact method, , and the probability
of transmission using the fixed length approximation, ((^)), versus wave number ko for 
a diatomic molecule incident in its ground state upon a single 5-barrier. The exact solution 
is shown with the solid line and the fixed length result is shown with the dashed line. The 
fixed length approximation captures important features of the full solution.
The agreement between the two plots is excellent. Although the there is some deviation 
between the two plots in Fig. 4.7, especially at higher values of k, the fixed length 
approximation does capture the important features of the full solution. The transmission 
resonances found with the fixed length approximation match those found with the exact 
method very closely. The numerical values of ko at the transmission resonances shown in 
Fig. 4.7 are compared in the table below.
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P* resonance 2”^* resonance 3^  ^resonance 4* resonance
ko exact 2.35 4.76 7.25 9.81
ko fixed length 2.28 4.67 7.17 9.73
We can also write down an analytical expression for the locations of these zeros by 
setting the fixed length reflection coefficient from (4.32) to zero:
2mA
ka +  tan(/coC) =  0. (4.36)
This is the condition for complete transmission in the case of a molecule with fixed length 
^ incident upon a 5-barrier of strength A (the case discussed above) or the condition for 
complete transmission for a particle incident upon two 5-barriers of equal strengths A 
separated by a distance
Physically these resonances are a consequence of destructive interference of the waves 
reflected at the first 5-barrier and waves reflected at the second 5-barrier. In particular, 
transmission resonances arise due to the presence of two barriers in the CM frame,
i.e. two peaks in the effective potential. For specific incident energies the interference 
between paths for multiple reflections works constructively and enhances the probability 
of transmission for the molecule. This phenomenon is similar to what occurs in a Fabry- 
Perot interferometer and in antireflection films in optics [1, 23, 25].
4.6 More Realistic Potential Barriers
Analytical results for the effective potential Vnj can also be obtained for thin and thick 
rectangular potential barriers. For these barriers similar results to those shown above are 
found, including the appearance of several transmission resonances. We also investigate 
smooth barriers that require numerical integration to solve for the Vnj terms (we study 
Gaussian barriers in particular), and again we find several transmission resonances for both 
thin and thick smooth barriers. We are able to reproduce plots of p ÿ  vs hi almost identical 
to those shown above in the case of a thin barrier (either rectangular or smooth) that has 
strength commensurate to the 5-barrier, as shown in Fig 4.8.
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w
Figure 4.8: A diatomic molecule incident upon a <5-barrier, rectangular barrier, or a 
Gaussian barrier. The parameters w and a specify the thickness of the rectangular and 
Gaussian barriers, respectively. Similar results to those found with 6-barriers are found for 
thin rectangular barriers and thin Gaussian barriers.
In particular, we study a rectangular barrier
0 X <
Vr
0
(4.37)
where VrW = \  is fixed for direct comparison to a 6-barrier of strength A. The probability 
of transmission for increasing rectangular barrier widths (and therefore decreasing barrier 
heights) is shown in Fig. 4.9. The widths of the rectangular barriers are quite large in 
Fig. 4.9. We point out that for w =  w /a  < 0.1 the agreement between the 6-barrier and 
rectangular results is extremely close for all values o f k <  12. We also study the probability 
of transmission for a molecule incident upon the following Gaussian barrier:
V{x) exp
X
(4.38)
We fix the “area” of V  (x) such that it is equal to the strength A of the 6-barrier studied 
previously. This requires that A =  A. In Fig. 4.10 we increase the parameter a  (which 
increases the width of the Gaussian barrier) to show the deviation between the 6-barrier 
result and the Gaussian barrier results as the width increases and the height decreases.
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Figure 4.9: The probability of transirrission versus wave rrutrrber ka for a diatotrric
molecule incident in its ground state upon various rectangular barriers. The solid line is 
the probability of transmission for a 5-barrier of strength X =  X/iaVo) =  0.01 and the two 
dashed lines are for rectangular barriers of widths w =  w /a — 0.1,0.2 and VrW — X. The 
rectangular barriers have relatively large widths to demonstrate the deviation of  ^ from 
the 5-barrier result. For smaller rectangular widths the agreement is extremely close for all 
values of ^ < 12.
Again, we have shown results where the width of the barrier is quite large and we point 
out that the agreement between the 5-barrier result and Gaussian results is excellent for 
à = a ja  <  0.03. Deviation from the 5-barrier result only occurs for relatively large 
rectangular and Gaussian barrier widths. We also note that even in the case of relatively 
large rectangular and Gaussian barrier widths the 5-barrier result captures the important 
physics of this molecular tunneling problem.
4.7 Summary
We have looked at the case of a diatomic molecule incident upon a single 5-barrier 
in detail, including a molecule incident in its ground state or excited state with the 
possibility of transitions between states during the proeess of tunneling. Transmission
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Figure 4.10: The probability of transmission versus wave number ko for a diatomic 
molecule incident in its ground state upon various Gaussian barriers. The solid line is the 
probability of transmission for a 5-barrier of strength X = \/{aVo) =  0.01 and the two 
dashed lines are for Gaussian barriers with a = 0.03,0.07 and A = X. The Gaussian 
barriers have relatively large widths to demonstrate the deviation of from the 5-barrier 
result. For smaller Gaussian widths the agreement is extremely close for all values of 
ik <  12.
resonances were found in all of these cases. For a molecule having enough energy to 
make an excitation during the process of tunneling we have shown that the probability 
of transmission decreases when the molecule is excited. Conversely, we found that a 
molecule incident in its excited state upon the potential barrier increases its probability of 
transmission when it makes a transition to its ground state. We have studied a molecule with 
a “fixed length” incident upon a 5-barrier to better understand the tunneling resonances. 
The 5-barrier results were compared to the results obtained using rectangular barriers and 
Gaussian barriers. For thin rectangular and Gaussian barriers these results were very close. 
In the next chapter we will add a second potential barrier and study the case of a diatomic 
molecule incident upon two potential barriers.
Tunneling of a Molecule through Two 
Potential Barriers
In this chapter we study a diatomic molecule incident upon two potential barriers. In partic­
ular, we look at the case of two 6-barriers with varying strengths and separations distances. 
We also present a “fixed length” approximation similar to that in the previous section to 
better understand the locations of the transmission resonances.
5.1 The Effective Potential for Two 5-Barriers
For two 6-barriers we write the potential barrier for the molecule as
V — Ai6(aj) -h X2Ô(^ x — L), (5.1)
where Ai and Ag are the strengths of the first and second barriers, respectively, and L  is the 
separation distance between the 6-barriers. Recalling the relative motion eigenstates 
from (4.2) and (4.3), and using the expression for the effective potential from (4.12), we
45
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Figure 5.1: The effective potentials Vnmi^) where the separation distance between the 
barriers is greater than the expectation value for the length of the molecule. The expectation 
value for the length of the molecule is (0  =  1.174 and the separation distance between 
the 5-barriers is L =  2.0. These plots can be thought of as the potential barrier that the 
CM encounters when incident upon the barrier in channel m  and reflected/transmitted in 
channel n. The solid line is %o, the dashed line is Û22, and the bold dashed line is vq2 - The 
plots are shown with Ai =0.01 and A2 =  0.02.
find the following equation for the effective potential:
16m
(5.2)
Before plotting the effective potentials we define the following dimensionless variables in 
addition to those defined in (4.15):
An, ~  L
Xr (0  5  ^  =  1.174. (5.3)aVo a
A plot of the effective potentials for two 5-barriers is given in Fig. 5.1. We again interpret 
the effective potentials as the potential barrier that the CM encounters when incident in 
channel m  and reflected/transmitted in channel n. In Fig. 5.1, the first barrier corresponds 
to the front particle encountering the first 5-barrier and the second barrier corresponds to 
the back particle encountering the first 5-barrier. The third and fourth barriers correspond
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Figure 5.2: The effective potentials Vnm{x) where the separation distance between the 
barriers is less than the expectation value for the length of the molecule. The expectation 
value for the length of the molecule is {^) =  1.174 and the separation distance between 
the 5-barriers is L =  0.4. These plots can be thought of as the potential barrier that the 
CM eneounters when incident upon the barrier in channel m  and reflected/transmitted in 
channel n. The solid line is %o, the dashed line is Û22, and the bold dashed line is üo2- The 
plots are shown with Ai =  0.01 and Ag =  0.02. The ordering of the barriers has changed 
from Fig. 5.1 because the separation between the two 5-barriers is less than the expectation 
value of the length of the molecule.
to the front particle encountering the second 5-barrier and the back particle encountering 
the second 5-barrier, respectively. We point out that the order of the barriers can be varied 
with the separation distance L. In Fig. 5.1, L is greater than the expectation value of the 
length of the molecule, (^), and the CM encounters the 5-barriers in the following order: 
Ai, Ai, A2, Ag. In a case where L < {^) the CM encounters the 5-barriers in the following 
order: Ai, A2, Ai, A2. The innermost barriers are interchanged because the “front” of the 
molecule would encounter both barriers before the “back” of the molecule encounters the 
first barrier. This case is shown in Fig. 5.2.
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5.2 Results for Two (^-Barriers
We are interested in the effects of varying the relative strengths of the two barriers and 
varying their separation distance. We proceed as described in Chapter 4 to obtain plots 
of the probability of transmission versus the incident wave number for a molecule in its 
ground state.
In Fig. 5.3 we study the effect of varying the relative strengths of the two (5-barriers with 
L =  0.4 and maintaining Ai -f Â2 =  0.01. For Ài close to 0.01 we are close to reproducing
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Figure 5.3: The probability of transmission versus wave number Âo for a diatomic 
molecule in its ground state incident upon a pair of (5-barriers with varying relative 
strengths. The relative strengths of the two ^-barriers are varied while maintaining 
Ai +  À2 =  0.01. The separation distance between the (5-barriers is L =  0.4. The probability 
of transmission reaches its maximum when the strengths of the two barriers are distributed 
evenly.
the result from the single (5-harrier case. We notice that two 5-barriers of equal strength give 
the highest probability of transmission. This is understood because we expect a molecule 
to tunnel through two weak barriers with higher probability than tunneling through one 
strong barrier. Also notice the pattern that develops in the plot: every third peak and third
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trough match very closely for all values of Ai. The overall structure of the plots in Fig. 5.3 
is very similar to the single (5-barrier case. We also find that identical results are obtained 
when the strengths of the barriers are interchanged, as expected.
The value of  ^ has a strong dependence on the separation distance between the 
barriers. We make the 5-barriers of equal strength for these plots because we find that 
varying the strengths simply tends to increase the probability of reflection with little impact 
on the structure or locations of the transmission resonances. We present plots with the 
separation distance less than the expectation value of the length of the molecule in Fig. 
5.4. For some values of L we find that more resonances are obtained. The locations of
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Figure 5.4; The probability of transmission versus wave number for a diatomic 
molecule in its ground state incident upon a pair of 5-barriers with varying separation 
distances. The strengths of the 5-barriers are given by Ài =  Â2 — 0.01. The probability 
of transmission is very sensitive to changes in the separation distance of the barriers; some 
resonance locations are independent of the separation distance.
some of the resonances are common to all separation distances while others depend on the 
separation distance between the 5-barriers. This feature will be understood in more detail 
when we look at the fixed length approximation described in the next section. We find 
similar results to those shown above when the separation distance between the barriers is
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greater than the molecular length.
Also, the results for two 5-barriers were compared to the results obtained using two 
rectangular barriers and two Gaussian barriers. For thin rectangular and Gaussian barriers 
we found that the results were in very close agreement to the two 5-barriers result, in a 
manner similar to that presented in Section 4.6.
5.3 The Fixed Length Approximation for Two ^-Barriers
To gain further insight we again relax rigour and consider the CM motion for a fixed value 
of We must look at two different regimes for the fixed length calculation: L < ^ and 
L > ^. Reflection and transmission coefficients that depend on ^ are found in both cases. 
Proceeding in a fashion similar to section 4.5, we formulate the problem of a molecule 
incident upon two 5-barriers as a single particle (the CM) incident upon four 5-barriers. In 
the CM frame, the separation between 5-barriers of the same strength is A sketch of the 
potential barrier for the case of L > ^ is given in Fig. 5.5. In the case of L < ^ the ordering
CM
Figure 5.5: The effective potential for the CM in the “fixed length” approximation. By 
treating the length of the molecule as though it is fixed, the tunneling problem can be 
formulated in terms of a single particle (the CM) incident upon four 5-barriers.
of the two inner 5-barriers would be reversed.
We proceed with the calculation of T(Ç) and R{^) in the case of L > ^. We can
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immediately write the general form of the wave function for the CM:
gîfcoæ _|_ j^^-ikox ^  ^  —||C|
-1 |^ | < æ < 1^(1 
11^ 1 <  a; <  2, -  1^(1
L -  11(1 < T < L +  1|(|
a ; > L + § | ( | ,
(5.4)
kl — —  (E  — Co). (5.5)
Matching the CM wave function and its first derivative across the four boundaries we obtain 
eight equations in eight unknowns {R, iîi, Ti, i?2 , Î 2 , ^ 3 , Ta, T). Solving for the reflection 
and transmission coefficients i?(() and T(() we find the following:
7? (^\ -  [^1^  +  £i B] hi -  [eiA +  RB]
+  EiB] 61 -  [siA  +
and
where
[jgC +  62T)] j 2 — [sgC +  figD] '
A =  [sgfig -  (5.8)
g  =  (5.9)
C  =  [ - 4 -  (5.10)
D =  [ - 61/^ 1 +  (5.11)
h i  =  ( f f i  +  2 i ) ,  f i g  ^  ( ^ 2  +  2 i ) ,  ( 5 . 1 2 )
j i  =  (ei -  2z), ;'2 =  (62 -  2i), (5.13)
The calculation of g ( ()  and T (() for the case of L < (  is similar. We find the following:
D ^  +  62G] fii -  [S2 F  +  .c
[figg +  62G] -  [62F  +  j 2G]
and
and
B i g  +  61J] j2 -  k l g  +  fil J]
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where
(5.17)
(5.18)
(5.19)
(5.20)
The lengthy expressions for the probabilities of transmission (^) =  |T(^) p in the cases 
of L < ^ and L > ^ can then easily be calculated.
We present a plot of the comparison between the exact result shown in Fig. 5.3 and the 
fixed length result with C — (^) =  L174a in Fig. 5.6. Again it is seen that the important
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Figure 5.6: The probability of transmission using the exact method, and the probability 
of transmission using the fixed length approximation, p^^ ((0 ), versus wave number ko for 
a diatomic molecule incident in its ground state upon two (5-barriers. The exact solution is 
shown with the solid line and the fixed length result is shown with the dashed line. The 
fixed length approximation captures important features of the full solution.
features of the full solution are produced. The two probability curves are quite close and 
the fixed length approximation matches the resonance locations of the exact solution very
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well. A simple equation that governs the locations of all of the resonances cannot be found 
as in the single 5-barrier ease beeause of the complexity of R{C)- However, the form of the 
resonance equation for the single 5-barrier case does reappear in the ease of two 5-barriers 
as
(5.21)
2mA ^
ka +  tan(A:oÇ) =  0
in the L > ^ regime, and
2mA ,,
«0 +  tan(fcoL) =  0 (5.22)
in the L < ^ regime. These resonance conditions account for about one third of the 
resonances found in the analytical plot of Pt \ { 0 )  vs. in Fig. 5.6. The resonances 
explained by (5.22) are at approximately k^ — 5.62 and 12.64 in Fig. 5.6. Several other 
simple expressions for the resonance locations are found by looking at special cases of 
^ ( 0  =  0- It is interesting to note that in some of these expressions we see that the 
locations of the resonances are independent of L or independent of It is these resonance 
conditions that explain the independence of L  for several of the transmission resonanees in 
Fig. 5.4. Note that all of the resonance locations within the fixed length approximation can 
be found numerically by plotting the fixed length result versus k^ or by setting the
numerator of R{C) to zero and finding the roots numerically.
5.4 Summary
We have studied the case of a diatomie molecule incident upon a two 5-barriers and found 
that, as in the single 5-barrier ease, several interesting transmission resonanees do oeeur. 
We found that by varying the relative strengths of the two 5-barriers while keeping the 
sum of their strengths constant, the highest probability of transmission occurs for two 5- 
barriers of equal strength. We also found that the transmission probability is very sensitive 
to changes in the separation distanee between the two 5-barriers. As in Chapter 4, a fixed 
length approximation was used to better understand the results. This approximation was 
very successful and led to a pair of simple equations that describe the approximate locations 
of several of the transmission resonanees. In the next ehapter we discuss extensions to more 
realistic systems, including three-dimensional systems and possible experimental systems
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to which our results could he applied.
Conclusion
6.1 Summary of this Work
The study of the tunneling of a diatomic molecule incident upon a potential barrier was 
presented in this work. A summary of the key results obtained is given below.
In Chapter 2 of this thesis the formulation of the problem was given. This formulation 
included the writing of the full Schrddinger equation in center-of-mass (CM) coordinates 
and then expanding the full solution in a series of relative motion eigenfunctions or 
channels. This allowed us to break off the relative motion and rewrite the problem for 
the tunneling of a molecule as a relative motion problem and a CM motion problem. 
The CM problem was cast into the form of a “multichannel” Schrodinger equation which 
physically amounted to the tunneling of a single particle (i.e. the CM) through an 
“effective” potential that depends on both the nature of the relative motion and the potential 
barrier. In Chapter 3 we presented the elegant method of variable reflection/transmission 
amplitude used to extract the reflection and transmission coefficients from the multichannel 
Schrodinger equation obtained in Chapter 2. We also showed how to combine the reflection 
and transmission coefficients to obtain the total probabilities of reflection, transmission, 
and transition between different channels during the process of tunneling. This method
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significantly reduced the computation required to obtain physically meaningful results.
In Chapter 4 we specified the problem. We chose a realistic binding potential and 
studied the tunneling of a molecule through a 5-barrier. Our choice of binding potential 
approximated a three-dimensional molecular binding potential in one dimension while 
still being solvable by analytical methods. By first considering a molecule incident in its 
ground state upon a 5-barrier, we found several transmission resonances. The transmission 
resonances were found to be quite sharp and we pointed out that these resonances could 
have applications as quantum “filters” because only molecules over a small energy range 
would tunnel through the barrier. A series of such barriers could also enhance this effect. 
We next considered a molecule incident upon a 5-barrier in its ground state with energies 
sufficiently high enough to allow a transition to the excited state during the process of 
tunneling. The inclusion of this higher channel in the binding potential tended to decrease 
the probability of transmission because the energy used in the excitation resulted in a 
decrease in the kinetic energy of the molecule. Plots of the transition probability between 
the ground state and excited state showed this explicitly. We next looked at the case of a 
molecule in its excited state incident upon a 5-barrier. Here we found that a transition to 
the ground state tended to increase the probability of transmission by the same reasoning as 
given above. In the last section of Chapter 4 we replaced the 5-barrier with rectangular and 
Gaussian barriers of commensurate strength. For tall and thin rectangular and Gaussian 
barriers^ we were able to reproduce the 5-barrier results to very high accuracy. In addition, 
we found that transmission resonances did occur even when the rectangular and Gaussian 
barriers had larger widths.
In Chapter 5, we studied the tunneling of a molecule incident upon two potential barriers. 
This case led to several additional interesting transmission resonances due to the addition 
of two more peaks in the effective potential. The energies of the transmission resonances 
were found to depend very strongly on the separation distance between the two 5-barriers. 
We also studied the effect of varying the strengths of the two 5-barriers. In particular, we 
found that when the sum of the strengths of the two barriers is held constant one obtains the
'For these tall and thin rectangular and Gaussian barriers we require that the expectation value for the 
length of the molecule is much greater than the width of the barrier and the height of the barrier is such that 
the “area” of the barrier is equal to the strength of the 5-barrier.
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largest probability of transmission for barriers having equal strengths. We also found that 
the interchanging of the barriers yields identical results for the probability of transmission.
We have presented a physical explanation for the transmission resonances that occur 
for a molecule incident upon a potential barrier. The physical mechanism behind the 
transmission resonances is the appearance of two barriers in the CM frame (the first barrier 
corresponds to the “front” of the molecule encountering the barrier and the second barrier 
corresponds to the “back” of the molecule encountering the barrier). When two barriers 
are present in quantum mechanical tunneling problem, completely destructive interference 
between the waves reflected from the first barrier and the second barrier is possible for 
particular energies, resulting in a completely transmitted wave. Indeed, these particular 
energies are the transmission resonances. This phenomenon is very similar to the Fabry- 
Perot interferometer and the theory of antireflection layers in optics [1].
We also presented “fixed length” approximation schemes for both the single and double 
(i-barrier problems in Chapter 4 and 5 respectively. By treating the length of the molecule as 
though it is fixed we found that the reflection and transmission coefficients could be solved 
for analytically. We then substituted the expectation value of the length of the molecule 
(based on the relative motion wave function) and compared the probability of transmission 
with the exact result. The agreement between the fixed length results and the exact results 
was excellent. The approximation captured several important features of the full solution, 
including the energies of the transmission resonances.
6.2 Extension to More Realistic Systems
Extension of our results to realistic, three-dimensional systems requires consideration of 
vibrational and rotational modes. Vibration along the axis connecting the atoms will give 
small correction terms involving the expectation value of the length of the molecule. More 
significant will be the rotations about the axes mutually perpendicular to one another and 
to the axis connecting the atoms. Even so, we expect that these contributions to the angular 
momentum of the molecule will not alter the main features of the results reported in this 
work. Our reasoning is as follows.
We have seen that the tunneling process involves the CM being in a potential well.
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which corresponds to the two atoms being on opposites sides of the potential barrier. This 
key aspect of the tunneling occurs in three dimensions in a manner that is similar to that 
in one dimension. In both cases we have the atoms on opposite sides of the potential 
barrier. The primary difference in three dimensions is that the molecule need not be 
oriented perpendicular to the potential barrier. As such, we have the “effective length” 
of the molecule, in three-dimensional tunneling, which is smaller than the expectation 
value of the length of the molecule, ($). The value of the effective length will depend on 
the angular momentum of the molecule. The molecular tunneling in three dimensions 
will be similar to what we have found in this work for one dimension, with the one­
dimensional expectation value of the length of the molecule replaced by the corresponding 
effective length, Çes, for tunneling of the molecule in three dimensions. While this picture is 
admittedly a simplified one, we expect it will be close to what one would find upon carrying 
out rigorously a fully quantum mechanical calculation of tunneling in three dimensions. We 
have begun such an investigation, which is a paper in itself [30].
Also important is the strong connection between tunneling and scattering in three 
dimensions. The scattering formalism for quantum scattering theory is applicable to three- 
dimensional tunneling when the barrier is fixed and repulsive. In both the tunneling 
formalism and the scattering formalism one takes into consideration molecular excitations 
and one reduces the problem down to a single particle (the CM) incident upon an effective 
potential (see, for example. Ref. [2]). In studies by Curtiss and Adler [31] and Launay [32] 
a full theoretical treatment of molecular collisions for diatomic molecules with arbitrary 
angular momenta was studied. By applying these models to a case of molecular scattering 
for a diatomic molecule incident upon a heavy target one obtains an approximately fixed 
repulsive potential barrier similar to that used in this work. This scattering formalism 
could be extended to estimate the probability of tunneling, including the role of angular 
momentum, in three dimensions. The actual application of this full three-dimensional 
scattering theory is complex and beyond the scope of this work. Calculations for molecule- 
molecule collisions using this theory have been done and compared to experimental results 
with good agreement [33].
After a thorough literature search we were unable to find any direct experimental results
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on the tunneling of a diatomic molecule. However, recent experimental work has shown 
that it is possible to align molecules in a molecular beam using laser pulses, optical fields, 
DC electric fields, and inhomogeneous electric fields [34]. These techniques would permit 
a step towards a situation where our one-dimensional results could be applied in another 
realistic experimental setting. Also, the work presented in this thesis has applications in 
the tunneling of an exciton through a single-barrier heterostructure. For example, in an 
investigation by Saito and Kayanuma [24], it was shown that a ballistic Wannier exciton 
exhibits tunneling resonances via the same process as discussed in this work, i.e. the CM 
being in a potential well. The methods and results in our investigation could therefore be 
applied to active areas of experimental and theoretical research involving the tunneling of 
excitons [35].
For further examples from molecular physics we can again look at the connection 
between tunneling problems and scattering problems. Experimental work on three- 
dimensional molecular scattering is a current area of research. Recent work includes the 
scattering of Hg from Cu(OOl) [36] and NO from Diamond(llO) [37]. In these works 
it is shown that some energies are scattered more than others, i.e. there are energy 
resonances as demonstrated in the one-dimensional model presented here. Further, in both 
the experimental investigations and in our theoretical treatment, the scattering distributions 
and the probability of tunneling both depend upon the nature of any excitations in the 
incoming and outgoing states, i.e. the vibrational and rotational excitations in scattering, 
and the internal excitations included in our model. Our results could therefore be applied 
to obtain a qualitative understanding of the physics involved with the resonances found in 
various molecular scattering experiments.
6.3 Future Work
Some extensions of this work would include the use of an even more realistic binding 
potential and the inclusion of higher channels in the binding potential for the molecule. 
Though these extensions would be of interest, it is unlikely that any new physics would 
be obtained. Based on the results of this work and the work done by Saito and Kayanuma
[23] and Pen’kov [25] it is clear that the exact nature of the binding potential is not crucial
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for the appearance of transmission resonances. Moreover, it is the feature of a “hard core” 
that leads to the transmission resonances as described above. By including higher energy 
channels in the binding potential the computational complexity increases quickly due to the 
large number of coupled differential equations that one would obtain using the method of 
variable reflection/transmission amplitude. Further, one would predict that similar physics 
would occur with the inclusion of these higher channels, i.e. the probability of transmission 
would decrease for a molecule excited during the process of tunneling and the probability 
of transmission would increase for a molecule moving to a lower energy channel during 
the process of tunneling.
As mentioned above, a very interesting line of future work is the extension to three 
dimensions [30]. The inclusion of angular momentum and various incident orientations for 
the molecule would certainly reveal interesting physical results. Another interesting future 
work would consider the inclusion of unbound energy states for the molecule, i.e. to allow 
molecular break-up during the process of tunneling. Such a study would involve a complete 
reformulation of the method of variable reflection/transmission amplitude to include those 
relative motion eigenfunctions in the continuum.
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Appendix
The coefficients in (4.2) and (4.3) are calculated by matching the solutions across the 
boundaries and normalizing the wave function to unity. The results for these coefficients 
are given as follows;
A. =  / .  r  (A.1)
where
_ (A.2)P n Q n ^ n
+  «1 +  «2
Be = Ce = (^2^ei =  A A  (A.3)
Bo =  PiAo, Co =  P2 A 0 , Do =  piAo (A.4)
«1 =  [(72 +  -  (72 -  7s)/)2] (A.5)
«2 =  2p»SnP5A/)2 +  (A.6)
A  =  — bn sin(ç„6) +  g„ cos(g^6)] (A.7)
Qn
A; =  — bn C08(gn&) -  9n sm(g»6)] (A.8)
Qn
^  _  P n  s i n  b n  (6  -  g ) ]  +  g «  COS [ ( g n (6  -  g ) ]
Qn COSh(Snft)
.  ^  Pn sin [g^(a -  6)] -  cos [bn(6 -  «)]
g„ sinh(s„a)
7i = sinh(s„a) cosh(s„a) + s„a (A. 11 )
72 =  sin(g„6) cos(g„6) -  sin(g„a) cos(g„a) (A. 12)
l3 = Qn{b-a)  (A. 13)
74 -  cos(g„6)  ^ -  cos(g„a)^ (A. 14)
75 =  sinh(s„a) cosh(s„a) — s„a (A. 15)
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